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1.  Introduction. 


Let  (X^.ial)  be  a  random  sequence  with  identical  marginal  distribution  F(x)  = 

P(X^  s  x}  for  all  i.  We  deal  with  the  approximation  of  probabilities  of  the  type: 

P  =  P{X.  <  u  .  ,  i<n> 
n  1  ni 

as  n  ->  ®,  where  {u  ^  ,  isn.n^l}  is  considered  as  the  real-valued  boundary. 

In  the  case  u^  =  u^  for  all  i  s  n,  this  probability  gives  the  distribution  of 
the  partial  maxima  =  maxfX^,...,  X^}.  The  classical  extreme  value  theory  dis¬ 
cusses  the  possible  asymptotic  distribution  of  Mr  as  n  -*■  °°,  where  X^  are  i.i.d. 


r.v.,  i.e.. 


P{an(Mn'bn)  ~  x}  =  tFCunCx^ln  +  GM 


where  G(x)  is  one  of  the  three  known  extreme  value  type  distributions  and  a  ,b 

n’  n 

norming  values,  unCx)  =  x/an  +  bn- 

It  was  shown  that  the  same  result  remains  true  even  if  X^  is  a  stationary  se¬ 
quence  satisfying  weak  dependence  restrictions  (see  e.g.  Leadbetter  [3]  or  Lead- 
better,  Lindgren  and  Rootzen  [5]).  To  prove  this  result  it  was  shown  that 

p{Mn<x/an+bn)  =  [F(un(x))]n  +  o(l)  . 

The  same  argument  was  used  for  the  general  case  of  a  non- stationary  random  sequence, 
i.e.  it  was  shown  in  [2]  that 


(1.1) 


PfX.<u  .  ,i<n}  =  II  F(u  .)  +  o(l)  as  n  -*• 

i  ni’  j_  v  ni 


under  suitable  conditions. 

We  remark  that  the  studied  probabilities  covers  also  the  extreme  value  case  for 


non- stationary  sequences,  by  transforming  P{M^  <  u^}  into  P{X^  <  u^}.  More 
detailed,  e.g.  if  X^  is  any  normal  non-stationary  sequence,  with  iu  *  FX  , 

=  Vsr  X.  »  ,  •  •  • ,  ,  then 


2 


p{M  £u  }  =  P{X.su  ,i£n)  =  P{(X.-y.)/o.  s  (u  -y.)/cr.  ,i£n) 
n  n  1  n’  v  1  1  i  v  n  1'  i* 


=  P{X.  £  u  .,isn} 
1  ni 


where  uni  =  (u^  -  y^/c^,  F(x)  =  4>(x)  the  standard  normal  law  and  Xi  a  standardized 
normal  non-stationary  sequence. 

Define  Xq  =  sup{x:  F(x)<l}  s  °®  and  let  F(Xq-)  =1.  We  suppose  throughout  the 

paper  that  u  .  =  u  .  (n)  =  min{u  . ,i£n)  -*■  x.  as  n  -*■  °°.  Furthermore  we  restrict 
mm  mxn  ni  0 

our  attention  to  the  interesting  case  where  IIF(uni)  tends  to  a  value  different  from 
0  or  1. 

The  sufficient  conditions  used  in  proving  (1.1)  are  as  follows: 

n  __ 

Condition  A:  Let  F  =  F  (u  .)  =  V  F(u_^)  with  Ffx)  =  1  -  Ffx) .  Then  assume 

-  n  n  ni  .  ni 

i=l 


(1.2) 


limsup  F  <“  and  liminf  F  >0 
r  n  n 

n-*»  n-»°o 


The  dependence  restrictions  are 

Condition  D  (=D(uni)):  For  any  integers  l<i]L<i2<. .  .<ip<j1<j2<. .  ,<jq<n  for  which 

“  ip  s  m>  let  1  =  {i^,^=l,-..,  p>,  J  =  {j£,£=l,...,q},  B(I)  =  {X.<uni,iel}  and 

similar  B(J) .  Then  we  assume  sup  1  P(B(InJ))  -  P(B(I))  •  P(B(J)) I  <  a  where 

I,J  n’m 

a  +  0  as  n  •>  ®  for  some  sequence  m*  such  that 

n,mn 


(1.3) 


m*  F  (u  .  )  -►  0  as  n 
n  min 


Condition  D1  (=D’(un^)):  Let  n,r  be  integers  and  I  a  subset  of  {1,...,  n)  of  the 

form  (i  <i<i  }  such  that  £  F(u  •)  *  F  /r.  Then  assume  that 

l€  I 


(1.4) 


nax  min  ;  T  P{X.>u  .,X.>u  .}  <  a* 

I  I*cl  i<icl*  1  ni  J  nj  n,i 


such  that 


(1.5) 


lim  limsup  r  a*  =  0 

r-*»  n-x»  ^  r 
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where  the  min  in  (1.4)  is  considered  on  subsets  I*  of  I  with 

(1.6)  l  F(u  )  s  g(r)/r  for  all  n  2:  n  (r) 

iel-I*  ni  u 

and  g(r)  -*■  0  as  r  °°  . 

These  conditions  are  sufficient  for  (1.1)  (see  Theorem  2.2  of  [2])  and  in  addition 
we  got  that  if 

(1.7)  F  x  as  n 

then  n 

(1.8)  Pn  e~T  as  n  +  “  ,  for  x  >  0  . 

The  purpose  of  this  paper  is  to  discuss  the  necessity  of  the  three  conditions.  In 

Section  2  we  show  mainly  that  the  conditions  D  and  D'  with  (1.8)  imply  (1.7).  In 
Section  3  we  assume  only  the  Condition  D  and  (1.7)  and  find  that  the  possible  limits 
of  may  still  be  described.  This  gives  us  the  relation  to  the  stationary  case  of 
the  extreme  value  theory  and  to  the  extremal  index,  defined  in  this  context  by  Lead- 
better  [4]. 

2.  Necessity  of  Condition  A. 

We  consider  in  this  section  the  equivalence  of  (1.7)  and  (1.8)  if  the  conditions 
D  and  D'  hold  for  a  given  random  sequence  {X^}  and  a  boundary  {u^}.  Since  we  have 
shown  in  [2]  that  (1.7)  implies  (1.8),  it  remains  to  prove  the  converse.  It  suf¬ 
fices  to  prove  only  that  liminf  F  >0  and  limsup  F  <  °°,  since  by  the  first  part 

-F 

of  Theorem  2.2  [2]:  pn  "  e  °  -  °(1),  which  implies  (1.7)  by  (1.8).  This  proof 
uses  the  same  technique  as  in  [2].  Since  the  same  technique  is  used  also  in  Sec¬ 
tion  3,  we  mention  some  of  the  results  of  [2]  in  detail. 

Lemma  2.1.  Let  n,r  be  fixed  integers  and  1^,...,  I  inter' als  of  {1,...,  n)  such 
that  L  and  1^  are  separated  by  at  least  m  for  i  ?  j.  Suppose  Condition  P  holds 
for  a  given  boundary  {u^}.  Then 

|P(  n  B( I . ))  -  fi  P(B(I .)) |  <  r  a  . 
i=l  1  i=l  1  n’m 


4 


We 


use  the  following  construction.  Split  the  set  {1,...,  n}  into  intervals 


t  =  1,...,  r,  such  that  1^  =  {l,...,  i^}  with 


and 


X 

F  =  7  F(u  .)  £  F  /r 

n,l  v  ni'  n 


F  ,  +  F(u  .  .)  >  F  /r 
n,l  n,i+r  n' 


(i.e.  ij  is  chosen  as  large  as  possible).  Let  1 2  =  {i^l,...,  i2>  such  that 


I  FCu„f)  *  rj. 


n,2  .  e  .  ni'  n' 

’  i=ij+l 


with  i2  maximally  chosen.  By  repeating  this  procedure  r  times,  we  find  intervals 


I»  with  i  <  n 
t  r 


(2.1) 

and 

(2.2) 


F  .  =  7  F(u  .)  <  F  /r 

".■e  A  m'  n' 


I  F„  ,  «  l  F'uni>  5  F„  • 


L  rn  g  ~  L 

1=1  n,t  i= 


1 


Furthermore  let  0  <  e  -<  1 .  Split  each  interval  1^  into  two  sub intervals  1^  l  and 
1^  2  where 

ll, 2  =  ^1^'m^+l,•••,  1ls 

contains  the  last  points  of  j  the  remaining  points  such  that. 

7  F(u  .)  <  F  e/r 
.  S  v  ni  n  ' 

leI£,2 

and  m^  is  maximally  chosen. 

We  proved  in  [2]  that  since  F(u  .  )  +  0  as  n  •+•  <*> 

min 


m»  +  1  -  F„  e/r.F(u  .  )  . 
n  mm 


(2.3) 
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Lemma  2.2.  If  e  *  e(n)  with 

(2.4)  e(n)  •  Fn  -*■  0  as  n  •+  °°  , 


then  for  any  integer  r 


P 

n 


P{X.£u ,ie  u  .} 

i  Til  1 


Proof:  We  have 


0  ^  P{X.<u  . ,ieulff  ,}  -  P  £  Y  y  F(u  .)  +  T  F(u  .)  . 
i  m-  1,1  n  ^  A  m  .i  „i 

L,  2  r 


The  first  term  is  bounded  by  r  •  e(n)Fn/r  =  e(n)  •  Fn  -*■  0,  using  the  construction 
of  2  and  (2.4).  A  simple  argument  showed  in  [2]  that  the  second  term  is  bounded 
by  r  •  F(u  .  )  -*■  0  as  n  -*■  00  for  all  r.  n 

irn  n  u 


Lemma  2.3.  i)  (1.8)  implies  liminf  F  >0 
-  n 

ii)  e(n)  =  (m*+l)F(um^n)r/Fn-*  ®  antl  satisfies  (2.4),  where  m*  is 
given  by  Condition  D. 

Proof:  i)  Since  P_  =  1  -  P{3i:  X.>u_.)  >  1  -  F  we  have  F  >  1  -  P  .but 

- —  n  l  ni  n  n  n 

P  -*■  e  T  <  1.  Thus  liminf  F  >0. 
n  n 

ii)  The  given  e(n)  satisfies 

e(n)  •  F  =  (m*+l)F(u  .  )  •  r  -*■  0  for  any  r  by  Condition  D. 
n  n  min 

By  i)  we  have  e(n)  <  K  •  (m*+l)F(u  .  )  •  r  -*■  0  for  a  suitable  constant  K.  D 

n  mm 


Lemma  2.4.  If  (1.8)  ,  Condition  D  and  D'  hold,  then  limsun  F  <  00  . 
-  n 

Proof:  Lemma  2.1  and  2.2  with  the  chosen  e(n)  imply  that 

limsup  |P  -  1TP(B p,  )  j  -*  0  as  r  +  ®  , 


with  B£  i  =  B(!.£  p*  1111,5  by  using  (1.8)  and  log(l-x)  <  -x,  it  implies 

r 

limsup  y  (1-P(B»  ))  <  K  for  any  r. 

n-*»  £=1 


(2.4) 
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We  proved  in  [2]  the  inequality 

(2'S)  S".':  \ll  lllt  iF(U”i)  2  *  Sn,r  -  *(r>  -  1  "I,, 

by  using  Condition  D'. 

As  in  Lemma  2.2  we  find 


(2.6) 


F  £  S  +  e(n)  •  F(u  .  )  +  rF(u  .  ) 
n  n,r  3  v  mn;  *■  min' 


Finally,  combining  (2.5)  and  (2.6)  and  using  (2.4)  gives  the  desired  result.  □ 

Thus  we  proved 

Theorem  2.5.  Let  {X^,i2l}  be  a  random  sequence  with  identical  marginal  distribution 

F(x)  and  (u^,  i£n,n2l}  a  real-valued  boundary.  Assume  that  the  conditions  D  and  Df 

hold  together  with  u  .  -*■  as  n  -*■  °°.  Then  for  t  >  0 

6  min  0 


is  equivalent  to 


F  ->  t  as  n  -*■  00 
n 


P  =  P{X.Su  . ,i<n)  •+■  e"  as  n  +  ®  . 
n  l  ni 


Next  we  state  an  easy  consequence  of  Theorem  2.5  for  the  case  where  we  consider 
only  a  subset  of  {1,...,  n}  in  the  probability  Pfi. 

Corollary  2.6.  If  in  addition  to  Theorem  2.5,  In  <=  {l,...,  n}  such  that 


(2.7) 


( I—) :  =  l  F(u.)  -»•  t’  as  n  +  x’  <  x, 

id  ni 
n 


P_(I_):  =  P(X. <u  .,iel  }  e" 

n  n  i  ni  n 


as  n 


Proof:  It  remains  to  prove  that  the  Condition  D  and  D'  hold  with  respect  to  the 


"new"  boundary 


u  .  iel 
ni  n 

Xn  i  i  I 


Condition  D  holds  for  uni  since  B(I)  =  {X.<uni,iel}  =  B(lnln)  for  any  I  c  (l,...,  n) 

and  Ffu  .  )  <  Ffu  .  ).  Condition  D'  holds  in  an  analogous  way:  Let  I  be  a  subin- 
min  min 

terval  of  (1,...,  n}  with  \  Ffu^)  -  Then  also  ^  F(unj)  = 

iel  if  T 

V  Ffu  .)  <  F  /r.  Thus  there  exists  a  subset  I*  satisfying 
.  ?  T  ni  n 
lelnl 

n 


(2.8) 


y  y  P{X. >u  . ,X.>u  .}  <  a* 

1  ni  j  nj  n,: 

i<3el*  J  3 
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by  [/(u^) •  But  the  l.h.s.  of  (2.8)  is  larger  than 


l  i  p{x. >u  . ,x.>u  .}  =  y  y  p(x. >u  . , x . >u  .} 

T*„,  1  ni  3  n3  T*  i  ni  3  ni 

J  n  J 

Since  also  1  F(u  .)  <  £  F(u  .),  the  condition  D'(u  .)  holds  with  the 


iel-I* 

values  a*  and  g(r) . 
n,r 


iel-I* 


From  this  it  is  obvious  that  the  Poisson  limit  result  in  [2]  for  the  number  of  ex¬ 
ceedances  N^fl)  =  #{iel:  X^>un^},  with  I  =  {1,...,  n},  generalizes  for  any  se¬ 


quence  of  subsets  I  ,  i.e. 


Nn(I  )  has  an  asymptotic  Poisson  distribution 
with  parameter  t1,  if  (2.7)  holds  in  addition 
to  the  Condition  D,  D'  and  (1.7). 


3 .  Results  under  Condition  D. 

With  the  construction  and  results  of  Section  2  we  discuss  now  the  asymptotic 
behavior  of  P^  without  assuming  Condition  D'.  In  the  stationary  extreme  value  case 
it  was  shown  by  Leadbetter  [4]  that  if  un(x)  is  such  that  (1.7)  holds  and  the  Con¬ 
dition  D  is  satisfied  for  a  particular  u  (x  ) ,  t  >0,  then  there  exist  constants 

n  o  o 

0,9',  0  <  9  <  0' <  1  such  that 


(3.1) 


limsup  P{X.<u  (x),i<n)  =  e 
n-x»  1 


limmf  P{X.<u  (x),i<n)  =  e 
i  n 

n-x» 

for  all  0  <  x  <  X-.  The  notation  u  (x)  =  u  indicates  the  value  x  used  in  (1.7). 

0  n  n  v 

We  remark  that  in  the  constant  boundary  case  u  (x)  in  (3.1)  is  defined  by  e.g. 
u^(x)  =  u^nT  /Tj(To^‘>  th®11  ur(x)  satisfies  (1.7)  for  any  x>0.  Analogously  we  de¬ 
fine  now  u  .(x)  for  any  0<x<x  ,  if  u  . (xn)  satisfies  (1.7)  for  a  x  >0  as  follows: 


(3.2) 


u  .  ( x)  = 
ni 


v'V  i£s 


s<i<n 
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where  s  is  maximally  chosen  such  that  \  ^Uni^T0^^nT/^T0‘  Naturally, 

_  i^s 

T  F(u  .  (x))->r  ,  as  n  -*•  00 ,  since  u  .  +X..  If  P  converges,  then  the  value  0  in 
A  v  niv  ’  ’  mm  0  n  6 

l^n 

(3.1)  is  called  the  extremal  index,  thus  denoted  generally 

6  =  -log  lim  P(Xi^uni(T0) ,i<u}/TQ  . 
n-*00 

In  the  stationary  case  with  a  constant  boundary  (3.1)  shows  that  B  does  not  de¬ 
pend  on  Tq.  Since  we  do  assume  neither  the  stationarity  of  the  random  sequence 
nor  the  constancy  of  the  boundary,  we  expect  a  greater  variety  of  properties  of 
0  as  a  simple  example  indicates. 

Let  Y.,Y2»...  be  an  i.i.d.  sequence  with  continuous  marginal  distribution  F 
and  normalization  ufi(x)  =  F  (x/n),x>0.  Let 

Xi  =  Y[(i+l)/2]’1-1  ' 

-x/2 

Then  it  is  easily  checked  that  PfX^u^x)  ,i<n}  ->•  e"  as  n  +  »,  T  >  0.  Thus 

0  =  1/2  for  the  fixed  level  boundary.  Take  now  e.g. 

u  (2t)  for  i  odd 

n 

Xq  for  i  even 

where  xQ  is  again  the  endpoint  of  F.  Naturally  \  F(un^(x))  -*■  x  and 

i<n 


u  .(x)  = 
niv  ' 


p{Xi5uni(x)  ,i<n)  =  p{Y.<un(2x)  ,i<[^-]}  -*■  e"T  . 

Thus  9=1  for  this  particular  boundary.  By  defining  other  boundaries  u*^  in  a 

similar  way,  fixed  for  some  i's  and  equal  to  for  the  remaining  i's,  we  find 

other  values  0<1.  The  same  fact  holds  even  if  we  define  to  be  stationary  by 

P{X. =Yr , .  ,w_..,i>l}  =  P{X.=Yr.  ,  ,i>l}  =  1/2.  For  the  same  random  sequence  we 
i  [(i+l)/2]  l  [i/2]+l  M 

show  that  0  may  even  depend  on  the  given  value  x  for  a  non-smooth  boundary. 


Let 


v'V  - 


u„f2V 


unfV 


i  odd,i<n/2 
i  even,i<n/2 
n/2<i<n 
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Then  the  obvious  calculations  show  that  (1.7)  holds  with  Tq>0  and  0  =  6(un^(Tp))=3/4. 
But  for  t<Tq/2  we  have  s<n/2  in  the  definition  (3.2)  and  thus  0  =  0(u^(t))  =  1. 

This  shows  that  for  particular  stationary  and  non-stationary  sequences  the  pos¬ 
sible  parameter  0  depends  strongly  on  the  given  boundary;  i.e.  0  =  6(un-) •  This 
dependency  is  not  restricted  to  a  particular  extremal  index  6  =  ®(u^(t))  =  1/2  as 
in  our  example,  for  we  may  replace  in  the  above  example  the  i.i.d.  sequence  by 
sequences  given  in  Chesnick  [1],  Rootzen  [7]  or  de  Haan  in  Leadbetter  [4],  where 
0  =  0(u^(t))  may  be  any  value  <  1. 

On  the  other  hand  it  is  obvious  that  for  i.i.d.  sequences,  we  find  the  same 
parameter  0=1  for  any  boundary  values  satisfying  (1.7),  for  any  value  T  >  0.  The 
following  result  shows  that  this  is  not  only  true  for  i.i.d.  sequences. 

Theorem  3.1.  Let  { , i^l }  be  a  Gaussian  sequence  with  identical  marginal  distribu¬ 
tion  <5>(x),  the  unit  normal  law.  Assume  that  the  correlation  function  r(i,j)  satis¬ 
fies 

(5.3)  max  |  r(i,  j)  |  logn  ->-0  as  n  +  »>  , 

|i-j|>n 

then  P{X.<u  .  (t),i<n)  ->  e~T  as  n  -*  °°,  t  >  0  , 

l  ni 

where  ^unj^T)^  is  anY  boundary  satisfying  (1.7)  for  any  value  t  >  0.  Thus  0=1 
for  any  boundary. 

The  proof  of  this  result  is  mainly  given  in  Hiisler  [2].  This  is  a  particular 

case  of  the  more  general  statement  in  Corollary  2.6,  since  (3.3)  implies  D  and  D' 

for  any  boundary.  From  this  one  might  argue  that  if  0  =  1  for  a  certain  boundary, 

then  6=1  for  any  boundary  as  long  as  D  holds.  But  the  above  example  indicates 

that  this  is  not  true  in  general,  and  also  that  the  stronger  condition  r>'(u  docs 

not  imply  D'(u*.)  to  hold  for  anv  other  boundary'  u*.. 

ni  in 

In  the  following  we  discuss  some  properties  of  the  extremal  index  for  general 
cases.  The  first  result  shows  that  G  cannot  be  larger  than  1. 
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I 


Lemma  3.2:  Let  {X,i2l}  be  a  random  sequence  with  identical  marginal  distribution. 
If  (u^)  satisfies  Cl. 7)  for  some  value  x>0  and  D,  then 

liminf  P{X.£u  .  ,i£n)  >  e"T 
n-*00  1 

Proof:  We  use  the  technique  of  Section  2  to  define  intervals  1^,  1= 1,...,  r  for 
r,n  fixed.  Then  we  know  that 


P{X. <u  .,isn}  -  n  P(B(I,))  -*■  0  as  n 
1  ni  t-\  C 


But  P(B(I£))  2  1-1  p(uni)  1  -  T/r 

i€h 


as  n  00  by  the  construction  of  the  I„'s. 

•c 


r  —T 

Thus  liminf  P{X.<u  . ,i^n}  2  (1-t/r)  -*■  e  as  r  -*■  °°  .  f 

^  l  ni 

n-x» 

Now  we  prove  that  the  extremal  index,  if  existing,  is  equal  for  boundaries,  which 
differ  only  slightly  from  each  other. 

Lemma  3.3:  Let  {X.,i>l}  and  (u  . )  be  as  in  Lemma  3.2  with  T  >  0.  Let  {u*.}  be 
-  l  v  ni'  ni 

another  boundary  satisfying  (1.7)  with  the  same  value  T.  If  for  each  n  either 


(3.4) 


u  .  5  u*  .  V  i<n 
ni  ni 


u  .  2  u*.  Vi<n 
ni  ni 


then  i)  Condition  D  holds  also  with  respect  to  u*^  , 

ii)  If  0  =  6(u  .)  exists,  then  6(u*.)  =  0 
ni  ni 

Proof:  i)  Similar  to  the  proof  of  Corollary  2.6  it  is  sufficient  to  show  that 
P(Bfl))  -  P(B*(I) )  +  0  as  n  +  ®,  for  any  Tc{l,...,  n)  where  B*(I)  =  (X.  <u*^  ,  id) . 
But  using  (3.4)  we  have 

n 

0  ^  P(B*(T))-P(B(I))  <  l  (F(un.)-F(u*.))  <  l  (F(un.)  -F(u*.)) 

ic [  i=l 

which  tends  to  0  bv  (1.7),  if  u  .  <  u* . .  The  converse  case  holds  in  the  same  wav. 

•  ’  ni  m 

ii)  This  follows  as  in  i)  by  setting  I  =  f 1 , .  . . ,  n},  without  use  of  Condi¬ 


tion  D. 
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This  indicates  that  there  are  classes  of  boundaries  having  the  same  extremal  in¬ 
dex,  in  case  of  existence.  We  give  a  description  of  such  a  class,  more  general 
than  (3.4) . 

Let  {u^}  be  a  given  boundary.  Then  for  another  boundary  {u*^}  define 

I  =  {isn:  u  .<u*.}  and  assume  that  either 
n  nx  ni 


(3.5) 


I  F(u  )  =  o(l)  or  l  F  Os*)  =  o(l) 

iel  nl  i*I  ni 

n  n 


Theorem  3.4.  Let  {X^,i^l}  be  a  random  sequence  and  {u  ^(x)}  a  boundary  satisfying 

(1.7)  and  x>0.  Let  be  another  boundary  satisfying  (3.5)  and  (1.7)  for 

the  same  value  t.  Then 

i)  If  D(u  .)  holds,  then  also  D(u*.)  . 

ni  ni 

ii)  If  9  =  0 (u  .)  exists,  then  0(u*.)  =  0  . 

niJ  ’  v  nx 

Proof:  Define  in  the  case  /  F(u_.)  =  o(l) 

i^I  ni 

n 


u  .  = 
ni 


By  the  assumption  (3.5) 


0  <  l  F (u* . )  -  l  F(u  .)  =  I  F(u* .)  =  o(l)  . 
.“  ni  .  f:  ni  .jT  nx 

i<n  i<n  l^I 

n 


Thus  (u  .)  satisfies  (1.7)  with  T.  By  Lemma  3.3,  Condition  D(u  .)  holds  and 
ni  J  ni 

0(u  .)  =  0,  since  u  .>u  for  all  i<n.  But  also  u  ,>u*.  for  all  i<n,  thus  the 
ni  ni  ni’  ni  ni  ’ 

two  statements  of  the  lemma  follow  by  using  Lemma  3.3  again  with  u^  in  place  of 

u  ..  The  proof  for  the  case  £  F(u  .)  =  ofl)  is  similar,  by  defining 

ni  iel  ni 

n 

f  u  .  i*I 
ni  n 


We  now  give  a  sufficient  condition  for  the  existence  of  the  extremal  index 
with  respect  to  a  smooth  boundary.  This  generalizes  the  condition  P'. 


12 


Let 


S(k)(I)  = 
n 


i  ...  1  P{X.  >u  .  ,X.  >u  X.  >u  .}  ,  kil 


i1<i2<.  •  •<ijc£I 


X2  ni2 


Xk 


ni. 


Then  assume  that  for  a  value  0,  O<0<1  , 

(3.6)  limsup  max  min  |rS^  (I*) -"dO-D)  |  -*■  0  as  r  -*■  00 

I  I*ci  n  0 

and 

f  31 

limsup  max  min  rSv  (I*)  -*•  0  as  r  -*■  00 
n-*00  I  I  *  n 

where  the  max  on  I  is  taken  over  intervals  I  =  c  (l,...,  n)  with 

F  /r-F(u  .  1  <  y  F(u  .)  £  F  /r  and  where  the  min  on  I*  is  taken  over  subset 
n  mm'  •  '  T  ni  n 

1£  I 

I*ci  such  that  S^d-I*)  =  \  F(u  .)  s  g(r)/r  for  all  n  £  n  (r),g(r)-H)  as  r-*30. 
n  iel-I*  nl  U 

Theorem  3.5.  Let  {X^,i-l)  be  a  random  sequence  with  identical  marginal  distribu¬ 
tion  and  {u^}  a  boundary  satisfying  condition  D,  (1.7)  and  (3.6)  for  a  0  and  a 

x  >0 .  Then  0(u  .(t))  =  0  for  all  0<t<t_,  where  u  . (t)  is  defined  in  (3.2). 

0  ni  O’  ni 

Proof;  We  prove  first  ®(unj(TQ))  =  Define  as  in  Section  2  for  n,r  fixed  the 
intervals  1^,  1= 1,...,  r.  Condition  D  implies  again  that 

r 

P  -  IT  P(B(I ») )  ->-0  as  n  •+  “>  . 
n  l=1  t 

Now  for  each  l,  there  exists  a  I|  such  that 


0  <  P(B(I|))  -  P(B(ip)  <  S^^I^-I*)  <  g(r)/r 
for  all  n>n^(r)  and  by  Bonferroni's  inequality 

p(B(i|))  <  i  -  s^np  +  SnC2)(I|) 

r(B(i|))  >  l  -  s^n(ip  +  s^2)(ip  -  s^3)(ip  . 


•o 
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Thus 


1  - 


T0e 


-limsup  max  min 
n-*=°  I  I* 


|S^(I*)-  - 1 -limsup  max  min  S^(I*)-  &--r- 

1  n  r  '  _ ,  t-  n  '  r 


n-*°  I  1* 


s  liminf  P(B(I«))  <  limsup  P(B(I»)) 
n-*=°  n 

T0®  I  (2)  V1-0)  i 

sl-  - +  limsup  max  min|S^  '(I*)  -  - 1+  g(r)/r  . 

r  n-*»  I  I*  n  r 


By  the  assumption  (3.6)  we  have  that 


(1- 


0Tn+o(l)  „  r 


)  s  liminf  II  PCBfl-))  s  limsup  IT  P(B(I„)) 
n-x»  1=1  n-*»  £=  1  L 


QVoCi)  r 
<  (i-  -9-. — )r 

"0To 

where  o(l)  +  0  as  r  +  ®,  Thus  by  letting  r  ->■  “  we  have  lim  P  =  e 

n-*»  11 

ii)  Let  the  sets  I ^  be  as  in  i)  depending  on  t0;  denote  by  r  -'  =  [tr/tp] .  Then  by 
the  definition  of  s  in  (3.2) 


But 


5’  Led,...,  s}  =  Jc  ru+1  I 
£=1  c  1=1  z 

<  s™, 


0  <  P(B(  u  I  ))  -  P(B(J) )  <  Sv  •'  ( I  * .  i )  2  F/r  -  0  as  r 

1=1  1  n  r  +1  n 


The  proof  in  i)  shows  that 

9VoC1)  r»  r*  r* 

(1-  - - - •)  <  liminf  P(B(  u  I*))  <  limsup  P(B(  u  I„)) 

n-*»  £-1  c  n-w»  £=1  1 


<  (1- 


eV0(I),r' 


Thus  for  r  we  find  by  combining  the  above  facts  that 


-0T 


lim  P{X . <u  ,(T),iSn}  =  lim  P(B(.I))  =  e  . 
l  m 

n-*»  n-*» 
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We  remark  that  we  might  use  instead  of  u^ft)  defined  in  (3.2)  any  other 
boundary  u*^(t),  which  is  equal  to  un^fTo^  on  a  certain  interval  J'  and  equal 
to  Xq  on  the  complement  of  J',  where  J'  such  that  S^^(J')  ~  Fnt/Tp. 

This  theorem  generalizes  the  result  (3.1)  known  for  stationary  random  se¬ 
quence  with  a  constant  boundary  to  non- stationary  sequences  with  respect  to  a 
non-constant,  but  smooth  boundary.  Together  with  Theorem  3.4  we  know  now  that 
the  extremal  index  0  =  ®(u^)  defined  in  the  case  of  stationarity  with  a  constant 
boundary  holds  to  be  the  same  value  for  a  class  of  non-constant  boundaries, 
which  differ  slightly  (depending  naturally  on  the  finite-dimensional  distribu¬ 
tions)  from  the  constant  boundary. 
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